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ON THE AUTOMORPHISM GROUPS OF FROBENIUS GROUPS
LEI WANG
Abstract. This is one of a series papers which aim towards to solve the prob-
lem of determining automorphism groups of Frobenius groups. This one solves
the problem in the case where the Frobenius kernels are elementary abelian and
Frobenius complements are cyclic.
keywords. Frobenius group, automorphism group
1. Introduction
A Frobenius group G is a semidirect product of a normal subgroup V by a sub-
group H such that none of the non-identity elements of H centralizes a non-identity
element of V , where V is called the Frobenius kernel and H is called a Frobenius
complement of G. Furthermore, by the well-known result of Thompson, the Frobe-
nius kernel is a nilpotent group, and by Burnside’s result, each Sylow subgroup of a
Frobenius complement is a metacyclic group with restricted properties.
Frobenius groups form an important class of groups, and have been extensively
studied in the literature, refer to [5, 9, 11, 19, 20, 21, 22, 23]. A natural problem
arises:
Problem A. Determine automorphism groups of Frobenius groups.
The problem is unsolved yet. This paper solves it in the case where the Frobenius
kernels are elementary abelian, and Frobenius complements are cyclic.
Frobenius groups have played an important role not only in group theory, but
also in various applications, refer to [13, p.320-324] for the applications in algebraic
structures, and see [2, 4, 7, 10, 14, 15, 17, 18] for the applications in algebraic
graph theory. In these applications, determining automorphism groups of certain
Frobenius groups is a crucial step. This is actually one of our principle motivations
for the work of this paper.
In order to state our results, we need to introduce some notation. For a finite
group G and a field F, we denote by Irr(FG) a complete set of representatives for
the isomorphism classes of irreducible FG-modules. But we mean by V ∈ Irr(FG)
that V is an irreducible FG-module for convenience. For a positive integer e and
an element V ∈ Irr(FG), we abuse notation and denote by V e a homogeneous FG-
module, which is a direct sum of e copies of V . Let H 6 G, and let V be an
FG-module. We denote by VH the FH-module obtained by restricting the action of
FG on V to FH . For positive integers a, n, we call m the order of a modulo n if n
divides am − 1 but n does not divide ai − 1 for i < m, and denote m by ordn(a).
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Theorem 1.1. Let G = V :H = Cdp:Cn be a Frobenius group, where p is a prime,
and d, n are positive integers. Then
Aut(G) = V.(((GL(e1, p
f)ℓ × · · · ×GL(es, p
f)ℓ).Cf ).L),
where Cf .L 6 Aut(H), f = ordn(p), |L| = ℓ, and (e1 + · · ·+ es)fℓ = d.
Remarks on Theorem 1.1.
(a) The automorphism group Aut(G) = V.NAut(V )(H) by Lemma 2.3.
(b) Let M : = NAut(V )(H). View V as an FpM-module. By Lemma 3.8,
VM = V1 ⊕ V2 ⊕ · · · ⊕ Vs, where Vi ∈ Irr(FpM) and Vi 6∼= Vj (i 6= j).
(c) By Lemma 3.13, Vi can be decomposed as
(Vi)H = V
ei
i1 ⊕ V
ei
i2 ⊕ · · · ⊕ V
ei
iℓ ,
where Vij ∈ Irr(FpH), dimFp Vij = f and Vij 6
∼= Vik (j 6= k).
(d) The automorphism group Cf is called the field automorphism group of H ,
which is induced by the Frobenius automorphism of Fpf .
In what follows, we will adopt the convention: the Frobenius kernel V is viewed
as the vector space Fdp if V is considered as an FpM-module, and an elementary
abelian group Cdp otherwise. This conventional device will be extremely useful in
passing between the group-theoretic and representation theory points of view.
In subsequent work, we apply Theorem 1.1 to characterise a class of finite groups,
and their Cayley graphs.
2. Preliminary
We first define some notation. For a group G, denote by Z(G) the center of G.
For a group T and an integer ℓ, by T ℓ we mean the direct product of ℓ copies of T .
For a positive integer n and a prime p, denote by Cn and C
n
p a cyclic group of order
n and an elementary abelian group of order pn. Given two groups N and K, denote
by N ×K the direct product of N and K, by N.K an extension of N by K, and if
such an extension is split, then we write N :K instead of N.K.
Lemma 2.1. Let G be a finite group with Z(G) = 1. Then CAut(G)(Inn(G)) = 1.
Proof. By our assumption, G ∼= Inn(G). Let φ be an isomorphism from G to Inn(G).
Then each element φ(g) of Inn(G) acts on G by xφ(g) = g−1xg, where g, x ∈ G.
Let L := CAut(G)(Inn(G)). Then for σ ∈ L, we have
φ(g)σ = σ−1φ(g)σ = φ(g),
and hence
zσ
−1φ(g)σ = zφ(g) for any z ∈ G.
Since zσ
−1φ(g)σ = (gσ)−1zgσ, it follows that (gσ)−1zgσ = g−1zg by the previous
equation, and so zg
σg−1 = z. Thus gσg−1 centralises G. So gσg−1 ∈ Z(G), forcing
gσ = g. Since g is arbitrary, it implies that σ fixes G pointwise, and so σ = 1. Thus
L = 1. This completes the proof. ✷
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Let G = N :H be a finite group, where CH(N) = 1, Z(G) = 1 and gcd(|N |, |H|) =
1. By Lemma 2.1, we will identify G with Inn(G) a normal subgroup of Aut(G).
Lemma 2.2. CAut(G)(N) = Z(N).
Proof. Let A := Aut(G). By the convention made above, we have
N char N :H = G✁ A,
and hence N ✁ A. Let C := CA(N). Then Z(N) 6 C. We will show that in fact
C = Z(N).
Let G = G/Z(N) and C = C/Z(N). Since N charG✁A, we have CG(N)✂A. By
our assumption, CG(N) 6 N , and so CG(N) = Z(N). It is clear that GC/Z(N) =
G× C. We pick any element
θ ∈ C = CA(N).
Notice that for g ∈ G, we have [θ, g−1] ∈ Z(N). It follows that gθ ∈ Z(N)g, that is,
gθ = xgg where xg ∈ Z(N).
If Z(N) = 1, then gθ = g. Since g is arbitrary, we have θ = 1, and so C = 1.
Therefore, we may assume that Z(N) 6= 1.
Let R := Z(N):H . By the previous paragraph, we deduce that Rθ = R, and
thus Hθ 6 R. Since gcd(|N |, |H|) = 1, it follows that H and Hθ are two Hall
subgroups of R. By Schur-Zassenhaus’s Theorem, there exists some y ∈ Z(N) such
that Hθy
−1
= H . Note that Z(N) ∩H = 1. It is easily shown that θy−1 centralises
H . Clearly, θy−1 centralises N . It follows that θy−1 centralises G. Thus θ = y.
Since θ is arbitrary, it implies that C = Z(N), completing the proof. ✷
In what follows, we continue to use the notation above. By Lemma 2.2,
G/Z(N) = G✂ A := A/Z(N) . Aut(N).
Next identify G and A with the subgroups of Aut(N). Since gcd(|N |, |H|) = 1, it
follows that Inn(N) char G, and so Inn(N)✂ A. Let
A := A/Inn(N) and H := G/Inn(N).
Then H ✁ A 6 Out(N), and thus A 6 NOut(N)(H). Furthermore, we have
Lemma 2.3.
(i) A = NOut(N)(H).
(ii) Aut(G) ∼= N.NOut(N)(H).
Proof. (i) By the above argument, we only need to show
NOut(N)(H) 6 A.
Let H = HZ(N)/Z(N). Then G = Inn(N):H. The holomorph of N is the
semidirect product X := R(N):Aut(N) with Aut(N) acting naturally on R(N). The
subgroup R(N):G of X has a subgroup Ĝ := R(N):H, and Ĝ ∼= Inn(G) ∼= G because
the action of H on R(N) is by definition the same as the action of H on N .
For any α ∈ Out(N), denote by α a preimage of α in Aut(N), and on the contrary
for any β ∈ Aut(N), denote by β the image of β in Out(N).
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Let θ ∈ NOut(N)(H). Since H
θ
= H and (Inn(N))θ = Inn(N), we conclude
that G
θ
= G. Noting that H is a Hall subgroup of G, it follows from Schur-
Zassenhaus’s Theorem that H
θν
= H , where ν ∈ Inn(N). This implies that θν
normalises Ĝ and so induces an automorphism of Ĝ by conjugation. Thus θν induces
an automorphism ϑ of G by an isomorphism from G to Ĝ, and hence ϑ ∈ A. It
follows that θν ∈ A because N θν = Nϑ. Since ν ∈ Inn(N), we have θν = θ, belonging
to A. Consequently, A = NOut(N)(H), as required.
(ii) Since A = A/Inn(N) ∼= A/N , we have A/N ∼= NOut(N)(H) by part (i). It
follows that A ∼= N.NOut(N)(H). This completes the proof. ✷
Finally, we quote a result about Maschke’s theorem, which will be used later.
Lemma 2.4. (see [9, p.66]) Let V be a representation of the finite group G over a
field F in which |G| is invertible. Let U be an invariant subspace of V . Then there
exists an invariant subspace W of V such that V = U ⊕W as representations.
3. The automorphism groups
In this section, we determine the automorphism groups of Frobenius groups
G := V :H = Cdp:Cn, where p is a prime, and d, n > 1.
By Lemma 2.3, Aut(G)/V ∼= NAut(V )(H). Therefore, in order to determine
Aut(G), we only need to determine the normaliser
M := NAut(V )(H) = NGL(d,p)(H).
Now we regard V as a faithful FpH-module. If H is irreducible on V , then the
normaliser M has been determined via reference to [11, Theorem 7.3, p.187]:
M = ΓL(1, pd).
We thus assume that H is reducible on V . By Lemma 2.4, V can be decomposed as
VH = U1 ⊕ · · · ⊕ Ut
such that each Ui is a faithful irreducible FpH-module. If the Ui are pairwise iso-
morphic, then we call VH = U1 ⊕ · · · ⊕ Ut a homogeneous decomposition of V .
In the case where H is reducible and homogeneous on V , the normaliser M is
determined in the proof of [4, Lemma 4.5] (see the second paragraph of the proof
on page 14). For the completeness, we state it in the next lemma and give a short
proof here.
By [3], all the faithful irreducible FpH-modules have equal dimension, and more-
over, this dimension is the order of p modulo n. Throughout this article, we use f
to denote this same dimension.
Lemma 3.1. Assume that V is a homogeneous FpH-module. Then
M = ΓL(t, pf) where d = tf .
Proof. By our assumption, V has the decomposition as
VH = U1 ⊕ · · · ⊕ Ut ∼= U
t,
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where Ui ∼= U is a faithful irreducible FpH-module. Then dimFp U = f and tf = d.
We can identify the action of H on each Ui with that of H on U . By [1, 27.14],
CGL(d,p)(H) = GL(t, p
f).
Since CGL(d,p)(H)✂M , it follows that
M 6 NGL(d,p)(CGL(d,p)(H)) = GL(t, p
f ).Cf = ΓL(t, p
f),
where Cf is the group of field automorphisms of H . Let Z ∼= Cpf−1 be the center of
GL(t, pf ). Then H 6 Z, and thus H char GL(t, pf). It follows that H ✂ ΓL(t, pf).
Thus M = ΓL(t, pf). ✷
We now assume that the FpH-module V is not homogeneous. Although H is
reducible, the overgroupM = NGL(d,p)(H) may be irreducible. We proceed our proof
in two subsections, which treat the irreducible and reducible cases, respectively.
3.1. The normaliser NGL(d,p)(H) is irreducible. In this subsection, we assume
that M is irreducible on V . By Clifford’s Theorem, V can be decomposed as
VH = W1 ⊕ · · · ⊕Wm, (3.1)
such that theWi are non-isomorphic homogeneous FpH-modules. Since H is normal
in M , it follows that M preserves this direct sum decomposition of V . Thus
M 6 (GL(W1)× · · · ×GL(Wm)):Sm,
where Sm = Sym({1, . . . , m}). By Lemma 3.1, all Wi have the same dimension over
Fp, say ef . In what follows, we will see that M can be embedded into ΓL(e, p
f) ≀Sm.
Let Gi be the quotient group of G modulo
∏
j 6=iWj where 1 6 i 6 m. Then
Gi = Wi:Hi where Hi ∼= H = Cn, and it implies that Gi = C
ef
p :Cn is a Frobenius
group. Let Hi = 〈hi〉 where 1 6 i 6 m. Then the group G = (W1 × · · · ×Wm):H
can be embedded into
(W1:H1)× · · · × (Wm:Hm), (3.2)
as a subgroup such that H = 〈h〉 where h = (h1, . . . , hm).
Recall that dimFp Wi = ef , where 1 6 i 6 m. Since GL(Wi)
∼= GL(ef, p), we may
assume for convenience that GL(Wi) = GL(ef, p). Set
B := GL(W1)× · · · ×GL(Wm) = GL(ef, p)
m.
Lemma 3.2. CB∩M(H) = GL(e, p
f)m where efm = dimFp V .
Proof. By (3.2), the action of Hi on Wi is equivalent to the action of H on Wi. It
follows that Wi is a homogeneous FpHi-module. By Lemma 3.1,
CGL(Wi)(Hi) = GL(e, p
f) where 1 6 i 6 m.
For any c ∈ CB∩M (H), we have
c = (c1, . . . , cm) where ci ∈ GL(Wi).
Then
(hc11 , . . . , h
cm
m ) = h
c = h = (h1, . . . , hm).
It follows that hcii = hi, and so ci centralises Hi, yielding ci ∈ CGL(Wi)(Hi). Thus
c ∈ GL(e, pf)m. Consequently, CB∩M (H) = GL(e, p
f)m. ✷
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Let L = L1× · · ·×Lk, where Li ∼= Lj for any i, j. We call L̂ a diagonal subgroup
of L if
L̂ = {(x1, x
ϕ2
1 , . . . , x
ϕk
1 ) |x1 ∈ L1},
where ϕi is an isomorphism from L1 to Li for 2 6 i 6 k.
By Lemma 3.2, H can be embedded as a diagonal subgroup into
GL(e, pf)m = GL(e, pf)× · · · ×GL(e, pf).
Since B ∩M ✂M , it follows that CB∩M(H)✂M , and hence
GL(e, pf)m 6 M 6 ΓL(e, pf) ≀ Sm. (3.3)
Lemma 3.3. B ∩M = GL(e, pf)m.Cf where efm = dimFp V .
Proof. By (3.2), the action of Hi is equivalent to the action of H on Wi. It follows
that Wi is a homogeneous FpHi-module. By Lemma 3.1,
Mi := NGL(Wi)(Hi) = ΓL(e, p
f) where 1 6 i 6 m.
We choose an element φi ∈M such that h
φi
i = h
p
i . Then Mi = GL(e, p
f)〈φi〉.
For any σ ∈ B ∩M , we have
σ = (σ1, . . . , σm) where σi ∈ GL(Wi).
Since σ normalises H , there exists a positive integer λ such that
(hσ11 , . . . , h
σm
m ) = h
σ = hλ = (hλ1 , . . . , h
λ
m).
It follows that hσii = h
λ
i , and hence σi ∈Mi = ΓL(e, p
f). Thus
σi = ciφ
ki
i , where ci ∈ GL(e, p
f), and ki is an integer.
By the above equation, we have
hλi = h
σi
i = h
ciφ
ki
i
i = h
pki
i ,
and hence
λ ≡ pki (mod n) where 1 6 i 6 m.
It follows that
ki ≡ kj ≡ k (mod f) for any i, j.
Thus σ = (c1φ
k
1, . . . , cmφ
k
m). So each element of B ∩M can be written as
(c1φ
ℓ
1, . . . , cmφ
ℓ
m), where ci ∈ GL(e, p
f) and ℓ > 0.
Let φ = (φ1, . . . , φm). Then φ ∈ B ∩M . Therefore,
B ∩M = GL(e, pf)m〈φ〉 = GL(e, pf)m.Cf .
This completes the proof. ✷
For convenience, we continue to use the notation of Lemma 3.3. By (3.3), elements
of M can be written as
c(φk11 , . . . , φ
km
m )π, where c ∈ GL(e, p
f )m, ki > 0 and π ∈ Sm. (3.4)
Lemma 3.4. CGL(V )(H) = GL(e, p
f)m where efm = dimFp V .
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Proof. Let σ ∈ CGL(V )(H). By (3.4), σ can be written as
c(φk11 , . . . , φ
km
m )π
−1, where c ∈ GL(e, pf)m, ki > 0 and π ∈ Sm.
Suppose, if possible, that σ 6∈ CB∩M(H). If π = 1, then there exists some i0 for
which ki0 6≡ 0 (mod f), where 1 6 i0 6 m. We calculate that hi0 = h
p
ki0
i0
, which
is absurd. Thus π 6= 1. So π moves at least one point, say r. Without loss of
generality, we may assume that rπ = s, where r 6= s. Calculation shows that
hσ = (h
φ
k1
1
1 , . . . , h
φ
kr
r
r , . . . , h
φ
km
m
m )
π−1
= (hp
k
1π
1π , . . . , h
pkrπ
rπ , . . . , h
pkmπ
mπ )
= (hp
k
1π
1π , . . . , h
pks
s , . . . , h
pkmπ
mπ ).
Noticing that hσ = h, we have hr = h
pks
s .
By (3.2), the action of Hi on Wi is equivalent to the action of H on Wi. It follows
that Wi is a homogeneous FpHi-module. Let Ĥ = H1×· · ·×Hm. Then Wi is also a
homogeneous FpĤ-module. Let hˆi = (1, . . . , 1, hi, 1, . . . , 1) where 1 6 i 6 m. Then
h = (h1, . . . , hm) = hˆ1 · · · hˆm. (3.5)
Let (Wi)Ĥ = U
e
i , where Ui ∈ Irr(FpĤ). By Lemma 3.1, we may identify each Ui
with a field F: = Fpf of order p
f , and there exists ωi ∈ F
× of order n such that Ĥ
acts on each x ∈ Ui by hˆj : x 7→ ω
δij
i x. Since hr = h
pks
s , we conclude that ωr = ω
pks
s .
Let χi be the character defined by FpĤ-module Ui. By [1, 25.10],
χi(hˆi) = ωi + ω
p
i + · · ·+ ω
pf−1
i .
By the previous paragraph, we have χr(hˆr) = χs(hˆs). By (3.2) and (3.5), the action
of h on Wi is the same as the action of hˆi on Wi. It follows that χr(h) = χs(h), and
hence Ur ∼= Us (FpH-isomorphic). Thus Wr and Ws are isomorphic FpH-modules.
This contradiction completes the proof. ✷
Proposition 3.5. M = (GL(e, pf)m.Cf ).L, where Cf .L 6 Aut(H), Cf is the group
of field automorphisms of H, and L is abelian and regular on the set {1, 2, . . . , m}.
Proof. By (3.1), we have
VH = W1 ⊕ · · · ⊕Wm,
where the Wi are non-isomorphic homogeneous FpH-modules.
Let N = CGL(V )(H).Cf , where Cf is the group of field automorphisms of H . By
Lemma 3.3, N ✂M . For any element θ ∈M \N , we will show that
W θi ≇Wi (FpH-isomorphic).
Let (Wi)H = U
e
i , where Ui ∈ Irr(FpH). Suppose thatW
θ
i
∼= Wi (FpH-isomorphic).
Then Uθi
∼= Ui (FpH-isomorphic). Let χi be the character defined by FpH-module
Ui. Then χ
θ
i is the character of U
θ
i over Fp. Arguing as in Lemma 3.4,
χi(h) =
∑f
j=1 ω
pj−1, where ω ∈ F×
pf
with o(ω) = n.
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Let hθ
−1
= hλ, where gcd(λ, n) = 1. Then
χθi (h) = χi(h
θ−1) =
f∑
j=1
(ωλ)p
j−1
.
Note that χθi (h) = χi(h). By [12, 9.20], we conclude that λ ≡ p
k (mod n) for some
k. It follows that the action of θ on H is induced by the field automorphism, and
so θ belongs to N , which is a contradiction. Thus W θi ≇Wi, as required.
Arguing similarly as above, we may show that for ϑ ∈ N , W ϑi
∼= Wi (FpH-
isomorphic). It follows that N is the inertia group of Wi in M , where 1 6 i 6 m.
By Lemma 3.3, M = CGL(V )(H).L and Cf 6 L 6 Aut(H). Let L = M/N and
[m] = {1, 2, . . . , m}. By the previous paragraph, M induces a permutation group L
on [m]. Since V is a faithful irreducible FpM-module, we deduce that L is regular
on [m]. By Lemma 3.4, M = (GL(e, pf )m.Cf ).L, competing the proof. ✷
Remark. Although we have already characterized the normaliser NGL(V )(H) (refer
to Proposition 3.5), we can not completely determine the structure of NGL(V )(H)
because there are many different ways to embed H as a subgroup into GL(V ) such
that G is a Frobenius group when |H| is arbitrarily large.
We end this subsection by presenting several groups to explain the above remark.
Example 3.6. Let G = V :H ∼= C431:C15 be a Frobenius group. By Lemma 2.4, V
can be decomposed as
V = U1 × U2 × U3 × U4
such that H normalises each Ui, and Ui is irreducible relative to the action of H .
Let H = 〈h〉 with h = (hr10 , h
r2
0 , h
r3
0 , h
r4
0 ), where o(h0) = 31 and gcd(ri, 15) = 1.
Case 1: Suppose that r1 = r2 = r3 = r4.
By Lemma 3.1, Aut(G) = AGL(4, 31).
Case 2: Suppose that r1 = 1, r2 = 4, r3 = 11 and r4 = 14.
Let π1 = (12)(34) and π2 = (13)(24). Calculation shows that
hπ1 = (h40, h0, h
14
0 , h
11
0 ) = h
4 and
hπ2 = (h110 , h
14
0 , h0, h
4
0) = h
−4.
It follows that 〈π1, π2〉 6 Aut(H). By Proposition 3.5, Aut(G) = C
4
31:(C
4
30:C
2
2).
Case 3: Suppose that r1 = 1, r2 = 7, r3 = 4 and r4 = 13.
Arguing as in Case 2, we have Aut(G) = C431:(C30 ≀ C4).
3.2. The normaliser NGL(d,p)(H) is reducible. In this subsection, we begin with
considering the case where V is a faithful reducible FpM-module.
By Lemma 2.4, V can be decomposed as
VH = U
e1
1 ⊕ · · · ⊕ U
et
t , (3.6)
where Ui ∈ Irr(FpH), Ui ≇ Uj and ei > 1. As already mentioned above, we continue
to use f to denote the same dimension of all the Ui.
Remark. According to Proposition 3.5, we obtain that t 6 ϕ(n)/f , where ϕ(n) is
Euler’s totient function.
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Let Gi be the quotient group of G modulo
∏
j 6=i U
ej
j , where 1 6 i 6 t. Then Gi =
Ueii :Hi where Hi
∼= H = Cn, and it implies that Gi = C
eif
p :Cn is a Frobenius group.
Let Hi = 〈hi〉 where 1 6 i 6 t. Then the group G = V :H = (U
e1
1 × · · · × U
et
t ):H
can be embedded into
(Ue11 :H1)× · · · × (U
et
t :Ht), (3.7)
as a subgroup such that H = 〈h〉 with h = (h1, . . . , ht).
Lemma 3.7. With the notation introduced above, the following holds.
GL(e1, p
f)× · · · ×GL(et, p
f) 6 CGL(V )(H).
Proof. Let hˆi = (1, . . . , 1, hi, 1, . . . , 1), where 1 6 i 6 t. Then h = hˆ1 · · · hˆt. Let
Ûi = U
ei
i . By (3.7), we conclude that the action of hˆi on Ûi is the same as the
action of h on Ûi. It follows that Ûi is a homogeneous FpHi-module. By Lemma 3.1,
CGL(Ûi)(Hi) = GL(ei, p
f). Arguing as in Lemma 3.2, we can easily obtain the
conclusion of this lemma. ✷
Let X 6 Y , and let V, U be FX-modules, where F is a field.
(i) Denote by V Y an induced module from X to Y .
(ii) Write U | V if V = V1 ⊕ V2 with U ∼= V1, where the Vi are FX-submodules
of V .
(iii) Denote by nV (U) the number of Wi which are isomorphic to U if V = ⊕Wi,
where the Wi are FX-submodules of V .
Lemma 3.8. VM = V1 ⊕ · · · ⊕ Vs, where Vi ∈ Irr(FpM) and Vi ≇ Vj (i 6= j).
Proof. By (3.6), we have
VH = U
e1
1 ⊕ · · · ⊕ U
et
t , where Ui ∈ Irr(FpH), Ui ≇ Uj and ei > 1.
Set
Ti = {θ ∈M |U
θ
i
∼= Ui (FpH-isomorphic)}.
By Mackey’s Theorem (see [16, p.174, Theorem 1.10]), (UTii )H
∼= U
fi
i where fi 6 ei.
By [1, 12.12], CGL(V )(H) is a subgroup of Ti. Thus, by Lemma 3.7, GL(ei, p
f) 6 Ti.
It follows that HomFpH(Ui, (U
Ti
i )H)
∼= Fei
pf
, and hence fi = ei. It further implies
that UTii is an irreducible FpTi-module. By [12, 6.11], U
M
i is an irreducible FpM-
module. As a convenience, we denote by Vi that module. It is easily shown that Vi
is isomorphic to an irreducible submodule of VM . Thus, without loss of generality,
we may identify Vi with a submodule of VM .
Next we show that
if Uj |Vi, then nVi(Uj) = ej = ei.
By Clifford’s Theorem, we conclude that nVi(Uj) = ei. Arguing similarly as the
first paragraph, there exists an irreducible FpM-module Vj for which Vj = U
M
j and
HomFpH(Uj , (Vj)H)
∼= F
ej
pf
. It follows that HomFpM(Vj , Vi) 6= 0, and so Vj
∼= Vi
(FpM-isomorphic). Thus nVi(Uj) = ei = ej , as desired.
By our assumption, V is a faithful reducible FpM-module. Repeating the above
process, we obtain all the irreducible FpM-submodules of V . Without loss of gen-
erality, we may assume that V1, . . . , Vs are all pairwise non-isomorphic irreducible
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FpM-submodules of V . Let W = V1 ⊕ · · · ⊕ Vs. Suppose, if possible, that W is a
proper submodule of V . By the second paragraph, we may assume that
WH = U
e1
1 ⊕ · · · ⊕ U
ek
k , where k < t.
Arguing as the first paragraph, there exists an irreducible FpM-submodule of VM ,
say U such that UMt = U . Since HomFpH(Ut, (Vi)H) = 0, it follows from Frobenius
reciprocity that HomFpM(U, Vi) = 0 where 1 6 i 6 s, contrary to our assumption.
Thus VM = V1 ⊕ · · · ⊕ Vs. This completes the proof. ✷
Let Gi be the factor group of G modulo
∏
j 6=i Vj, where 1 6 i 6 s. Then Gi =
Vi:Hi whereHi ∼= H = Cn, and it implies that Gi is a Frobenius group. LetHi = 〈hi〉
where 1 6 i 6 s. Then the group G = (V1 × · · · × Vs):H can be embedded into
(V1:H1)× · · · × (Vs:Hs),
as a subgroup such that H = 〈h〉 with h = (h1, . . . , hs).
Lemma 3.9. M 6 NGL(V1)(H1)× · · · ×NGL(Vs)(Hs).
Proof. By Lemma 3.8, VM = V1 ⊕ · · · ⊕ Vs, where Vi ∈ Irr(FpM) and Vi ≇ Vj for
i 6= j. Since M fixes each Vi, it follows that
M 6 GL(V1)× · · · ×GL(Vs).
For any σ ∈ M , we may write σ = (σ1, . . . , σs) where σi ∈ GL(Vi). Then there
exists a positive integer λ such that hσ = hλ, namely,
(hσ11 , . . . , h
σs
s ) = h
σ = hλ = (hλ1 , . . . , h
λ
s ).
It follows that hσii = h
λ
i , and so σi normalises Hi, forcing that σi ∈ NGL(Vi)(Hi).
Thus σ ∈
∏s
i=1NGL(Vi)(Hi). Therefore, the lemma follows. ✷
Lemma 3.10. CGL(V )(H) = CGL(V1)(H1)× · · · ×CGL(Vs)(Hs).
Proof. Take any c ∈ CGL(V )(H). By Lemma 3.9,
c = (c1, . . . , cs) where ci ∈ GL(Vi).
Then we have
(hc11 , . . . , h
cs
s ) = h
c = h = (h1, . . . , hs).
It follows that hcii = hi, and so ci centralises Hi, forcing that ci ∈ CGL(Vi)(Hi). Thus
c ∈
∏s
i=1CGL(Vi)(Hi). Since c is arbitrary, we have
CGL(V )(H) 6 CGL(V1)(H1)× · · · ×CGL(Vs)(Hs).
It is clear that
∏s
i=1CGL(Vi)(Hi) 6 CGL(V )(H). Thus the lemma holds. ✷
Applying Lemmas 3.4 and 3.10, we have the following corollary.
Corollary 3.11. With the hypothesis of Subsection 3.2, we have
CGL(V )(H) = GL(e1, p
f)× · · · ×GL(et, p
f).
Let ρi (1 6 i 6 s) be the projection map
s∏
j=1
NGL(Vj)(Hj) → NGL(Vi)(Hi) : (x1, . . . , xs) 7→ (1, . . . , 1, xi, 1, . . . , 1). (3.8)
By Lemma 3.9, we use Mi for the image M
ρi where 1 6 i 6 s.
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Lemma 3.12. With the notation above, Mi = NGL(Vi)(Hi) where 1 6 i 6 s.
Proof. Let Ni = NGL(Vi)(Hi) where 1 6 i 6 s. Then Mi 6 Ni. By (3.8), the
action of Mi on Vi is equivalent to the action of M on Vi. It follows that Mi
acts irreducibly on Vi. So does Ni. By Proposition 3.5, Ni = CGL(Vi)(Hi).Li, and
〈φˆi〉 6 Li 6 Aut(Hi), where φˆi = (1, . . . , 1, φi, 1, . . . , 1) is a field automorphism of
Hi of order f . Without loss of generality, we may assume h
φi
i = h
p
i , where 1 6 i 6 s.
For convenience, we again denote by φˆi the preimage of φˆi in Ni under Ni → Li.
Set φ = (φ1, . . . , φs). Then
hφ = (hφ11 , . . . , h
φs
s ) = (h
p
1, . . . , h
p
s) = h
p.
It follows that φ ∈M . By (3.8), we obtain φˆi ∈Mi . Let Ki = CGL(Vi)(Hi)〈φˆi〉. By
Lemma 3.10, Ki 6 Mi. By Clifford’s Theorem,
(Vi)Hi = Wi1 ⊕ · · · ⊕Wiℓi ,
where the Wij are non-isomorphic homogeneous FpHi-modules. By Proposition 3.5,
Ki is the inertia group ofWij in Ni, and ℓi = |Li|/f . SinceMi is irreducible on Vi, we
conclude that Mi induces a transitive permutation groupMi/Ki on {Wi1, . . . ,Wiℓi}.
It follows that |Mi/Ki| = ℓi. Thus Mi = Ni where 1 6 i 6 s. This completes the
proof of Lemma 3.12. ✷
Lemma 3.13. Let Vi be as in Lemma 3.8 where 1 6 i 6 s. Then
(i) (Vi)H = V
ei
i1 ⊕ · · · ⊕ V
ei
iℓ and dimFp Vij = f , where Vij ∈ Irr(FpH), Vij 6
∼= Vik
(j 6= k), and f = ordn(p);
(ii) M = ((GL(e1, p
f)ℓ×· · ·×GL(es, p
f)ℓ).Cf ).L, where Cf .L 6 Aut(H), |L| = ℓ,
and (e1 + · · ·+ es)fℓ = d.
Proof. Since H ✂M , it follows from Clifford’s Theorem that
(Vi)H = V
ei
i1 ⊕ · · · ⊕ V
ei
iℓi
,
where Vij ∈ Irr(FpH), Vij ≇ Vik (j 6= k) and ℓi > 1. By [3], dimFp Vij = f for all i, j.
Recall that ρi is the projection map defined in the paragraph after Corollary 3.11,
where 1 6 i 6 s. Then Mi = M
ρi and Hi = H
ρi. By (3.8), the action of Mi on Vi is
equivalent to the action of M on Vi. Therefore, we may identify the Vi with an irre-
ducible FpMi-module. Similarly, we may also identify the Vij with non-isomorphic
faithful irreducible FpHi-modules. By Lemma 3.12 along with Proposition 3.5,
Mi = CGL(Vi)(Hi).Li and 〈φˆi〉 6 Li 6 Aut(Hi),
where φˆi = (1, . . . , 1, φi, 1, . . . , 1) is a field automorphism of Hi of order f , and |Li| =
fℓi. Let C = CGL(V )(H) and Ci = CGL(Vi)(Hi). By Lemma 3.10, C
ρi = Ci, and
by definition, Li = Mi/Ci = M
ρi/Cρi, where 1 6 i 6 s. Let M = M/CGL(V )(H).
Noting thatM 6 M1×· · ·×Ms, it follows thatM . L1×· · ·×Ls. SinceM 6 Aut(H),
we deduce that M is isomorphic to a diagonal subgroup of
∏s
i=1 Li. It follows that
M ∼= Li ∼= Lj , and hence ℓi = ℓj = ℓ, where 1 6 i, j 6 s, as in Lemma 3.13 (i).
Let φ = (φ1, . . . , φs) be as in Lemma 3.12. Then φ induces an automorphism of
H of order f . Let N = CGL(V )(H)〈φ〉. Then N ✂ M . Let N = N/CGL(V )(H).
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Then |N | = f . Since M/N ∼= M/N and |M | = fℓ, it follows that |M/N | = ℓ. By
Proposition 3.4, CGL(Vi)(Hi) = GL(ei, p
f)ℓ where 1 6 i 6 s. By Corollary 3.11,
CGL(V )(H) =
s∏
i=1
CGL(Vi)(Hi) =
s∏
i=1
GL(ei, p
f)ℓ.
Let M/N = L. By the previous argument, M = ((
∏s
i=1GL(ei, p
f)ℓ).Cf ).L, where
(
∑s
i=1 ei)fℓ = d, as in Lemma 3.13 (ii), completing the proof. ✷
The assertion of Theorem 1.1 follows from Lemma 2.3 and Lemma 3.13.
In particular, Theorem 1.1 implies the following consequences.
Corollary 3.14. Keep the notation and conditions of Theorem 1.1. Then
CGL(d,p)(H) = GL(e1, p
f)ℓ × · · · ×GL(es, p
f)ℓ.
For X 6 Y define AutY (X) = NY (X)/CY (X) to be the automizer in Y of X .
Then AutY (X) 6 Aut(X), and indeed AutY (X) is the group of automorphisms
induced on X in Y .
Corollary 3.15. Let G = V :H = Cdp:Cqℓ be a Frobenius group, where p, q are two
distinct primes, and d, ℓ are positive integers. Let f = ordqℓ(p). Then the following
hold.
(i) If q = 2, then AutGL(d,p)(H) = L where Cf 6 L 6 C2 × C2ℓ−2 .
(ii) If q is odd, then AutGL(d,p)(H) = Ck where Cf 6 Ck 6 Cqℓ−1(q−1).
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